
Genera1 relativity in Euclidean terms 

(Cm?nuna'caied by N. H .  1;. Pyce,  F.27.S.-Receiz;ed 21 June 1062- 
Be~Ged 47 Septemhcr 1962) 

T h e  relativistic equations for the def!exion of light, the motion of  a particIe, and the  rwt 
shift of  3 p e c t d  lincs, in tho neiyhbourhuod of a single stationary nmw, nre ngorvd:,. 
derived on the bmia of  a s t r i c t l y  Euclitlcrm ?puce and m independent titno. Onlr tn-(1 nil hot 
wumptlona ara needed, in atldlt~on to two  very obvious extet~sio~~s of the s ~ p c i n !  :lieor:; 
one of these nssumptiotur is nleorl?; farmliar, but the other, involving the maw  of^ -tntronaq- 
test porticIe, is  heIievert to be new. The pnrticle equatlnns LIT 2cr1vr.d frotn r i  L.ngn,-iun Ire 
the usual way. Expmiom for the  be t i c  and potential enegim am ai.w d i l y  c b t a i n d .  
It rrr &own (by what is belie\-& to ba a new v t )  that mrrtt?r with an infuiite 1-ounp's 
modulus cannot exist, nnti the k t  that achnl m e w i n g  rmh may thcrefor~ i ~ e  arTxtec! by 
tidaI forces, even when they ore ' uncoas t ra in~l ' ,  f cons rdud .  IL iu shovrl thnt :a principle 
obsenations in tho mlar slxtem should be d e  in a time wll~cb is n o t  thn t  in rF.1r.h 
the clocks of cliYtnnt obsmstorim a m  syncbmnki st p e n t ;  the diffem~m is below the 
prcscnt ermm of the best time sigrurls, but not very mucl? belot--. A rigorc~~e e q w q i m  ,= 
deri~ed for the numaricaI value of the ra h a w  r, in tcrmrr of quaariti~q d i m t l y  
observable by the crew of a spaceship (04 , m m )  moving in a rirrul~lr orhit 0: the 
~ppmpriah  circular velccity. Further 1 long these lincs will d e ~ c d  or: their 
extension to the two-body problem. 
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It is - d e f y  recognized that the literatun: on genera1 relaticity which has grow-u LIP 

during the last 45 e a r s  contains nnmber of misconceptions, from which some of 
the most eainent pioneers haw not been entirely exempt. The 'spinnin~ disk', for 
example, has been rather imperfectly treated in very mnny cases, and ' idedy 
incompressible' matter has been postdated although my matter in ~ h i c h  the 
velocity of sc meeds c is necessarily non-relati-ristic. Eve11 t o d a ~ ,  there is no 
universcb1 agr on the ~ d i d i t y  of some of thc arguments that 11x1-t-e a ~ p m r e d ,  
and ha-re theu UGtill i>~bli~ly or private1 J challenged. 

lis itmtion might almost Iuve been p d c k d :  it j extend the f c m d  
3ra of three-dimensional analysis to  four dimension ,re, and reaoa;ably 

* (at least in the simpler -s) Go generalize it also rcom Euclidean space to 
non-Euclidean; but it is est;remely difficult ta balance this algebrraic analysis TKWI 
any sort of conceptual approach, once the fsmiliar landmarks of ereq-day 'phy- 
sics;17 thinking are lost. There is a very seal gap betrceeri those who appreciate the 

{ymmefzy of the formal mathematics so keenly that they may even 
:d for 'visnaXzation Wbgether, and those on the other band whose 

ral interests and abzties Iie in the field of sgecisc observation and ma=ue- 
t, but P; almost as a col :e, o ~ e m  by the umceptml 
d t i e s  of ~enaions and cur 3,a;adso aonsider the funda- 
td aspects of relativity with the ELUWLU~LJ& cam5 
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of the equations of general relativity. n5thin the framework of a rigorously Euclidean 
space and an independent 'Newtonian' time. This hm pro~ed,  on trial, to be quite 
practicable. .And the resdt is that the experimentally minded can nor ,  it may be 
hoped, find a firm path though to the accepted equations, without encountering 
the old conceptual difficulties at aU, while the mathematically inclined, though they 
may temporarily sacrifice everything that seems to  them moat attractive about 
the theov,rrilI see a quite straightforward road back t o  their o ~ r n  f a d a r  ground 
at the end of the excursion. Indeed, if the crucial experimental results predicted 
by the general theory, together with the increase of inertial masses at htgh speeds 
(which wa9 already h o r n  when tht theory appeared), had been precisely known 
from observation befom. the 3ich~hon->Iorle_~ experiment had been performed, it 
is possible that the entire theory might f k t  have developed aIong the Enea now to 
be foUowed, once the results of that experiment had been explained by the con- 
traction hypothesis of Fitzgerald. 

Some steps dong this road were taken quik early. Eddmgba, for example 
(1920, p. 54)' discussed the deflexion of Light in terms of a variable h h c t i t i v e  index' 
in s, space which wm, itself, Euclidean. It is h e  that he worked o d ~  to the k t  
approximation in this, and this restriction tends to obscure the qu&on whether 
Euclidean co-ordinate are or are not completely satisfactory for a rigomus treat- 
ment; but it appears almost certain that his approxim&ions were made ody for 
algebrraio convenience, and that he recognized the Euclidean appmch to be 
logically permissible, even though t.he relativistic one which he later mbstituted 
seemed to him mare attractive anathematically. 

There are in fact two effective, but mutually exclusive, lines of q m e n t ,  of 
mhich only one hm been well explored as yet. It is possible, on the one hand, ta 
postulate that the velocity of Jqht  is a univeml constant, to dehe 'natural' 
clocka and measnring rods as the standards by which apace and h e  are ta be judged, 
and then to  discorex from m e m r n e n t  that space-time, and space itself, are 
"really' non-Euclidean; alternatively, one can define 8pam EW Euclidean and time 
as the same e~erywhere, and discover (from exactly the m e  m m m e n t a )  how 
the velocity of lighb, and nst-1 clocb, rods, and particle inertias ' d y '  beham 
in the neighbourhood of Iarg s just as much (or as liMe) content for 
the  word 'really' in the on€ the other; provided that each is self- 
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ch w in . . conaiatent, the-ultimate appeal is any U, convenience &d fruitfulness, and evec 

' convenience ' may be largely a matter of personal task; bnt neither the hitfuZness 
of the Euclidean treatment nor its e l € - c o e n c y  can be tested until it haa been 
adequakly developed. 

The present d i s c d o n  deals only with the case of a single mass at rest at the origin, 
and with the ~on&~uences  of Einstein's o r i @ d  equations =.O, It may, how- 

:r, be hoped that it wiU point the way to a s w r  treatment for t. 
wsea. Presumably, in that case, s stage will come where 91 
bvoidable; the present diriAti6ns, ho+ever, m-sre'hgohas. 
[t will be convenient &st to summarize the relativity rmulEs wh 
ched, if the p r o p o d  planvia h claim to have succeeded. Most, off '  
I readily available, &e of & sppr&&ation, ia the form t h y  ta 
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line-dement in spherical poIar co-orhates  ( r , .  8, #) is the 'Schn-alzschild' one 
given by da" =./dl' - y-ldr" 1 r:(df?? +sin'BdQ?) (1) 

where y = 1 - 2mlrl. For our purpose, however, i t  seems better to  use the 'isotropic ' 
solution; this is less familiar, probably because it is often a little l e s  eeIegant, and 
some of the 'isotropic' equations may even be hard to find at all in the literature. 
The derivation of alI of them rrill therefore be sketched, for completeness; but i t  i.i 
not esaeatial to the main purpose of the paper. Essentially, these derivations may 
be omitted, and it may be taken for granted that the accepted relatirity position, 
i~ E: fz 2: it EGX 5c ;;=red Z*;- zqmtiom rather than by a philosophy, is in fact 
rigorously stated by equations 1 1 2 ) ~  (Is), (16), (17) and (20). (It is convenient to 
treat (12) separateIy ; but it is, of course, the i n k g a l  of energy, and wn be directly 
derived from (15) and (16).) 

The isotropic equations may be obtained from the equivalent 'Sch~rarzschdd' 
ones by means uf the substitutiou 

rl = '(1 + +q2, 12) 

where $ = m/2r. Ln addition to making tbis substitution, we re-introduce the 
constant c ( z  3 x 101ocm/s) explicitly, i.e, we r e p k  dtx in (13 by cVdt'. This equa- 
tion then becomes 

&*= ( ~ ; ~ ~ ~ d P - ( l  - +@r[drz+i(dff-+ein2~d$z)], (3) 

and the exnet meaning of ~ isfX/?l/?rr%where His the central mass in grays and f is 
the constant of gravitation in c.g.s. ( E $667 x gdl cmS r2). The fourlgeodesic 
equations, which describe the motion of a test prsfticle, may be obtained from their 
Sehwarzschild equivalents, given, for example, by Eddington (rgq, pp. 85-6), 
in the =me way. If p r e f e d ,  they m y  of course &o be obtained directly, bp 
inserting the g, of (3) inta the fonr equations of a geodesic, 

(a = 1, ..., 4); taking x, = s, x3 = 0, z3 = $, z, = f ,  we have 

and therefore gll = 1 Jg,, eh.; and since d$/dr = - $/r the resulting equations will 
be follnd to be 

(5) 
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and 

As in the Schwarzschild case, if me choose axes so that 0 = + i ~  and d8/dg = 0 
initially, (6) yields d281ds' = 0 and so 0 = $n permanently; we can thns simplify 
(3) ,  ( 5 )  and (7). by putting 8 = in and d8jds = 0 there also. 

The obsemational consequences which follow from these equations, in the 
relativistic treatment, are all ultirnatelv expressed in equations -from whch  ds 
has been eliminakd. For our purpose, it is simrlest to underbake this elimination 
at once, and this can be done without any real loss of content. Equation (8) integrates 
directly, g i ~ g  

where B is a (dimensionless} constant;* and since we can rewrite (3) = 

where v E (dr" rTgdQ2)ildt (11) 

(i.e. v is the ' co-ordinate velocity '1, we obtain instead of (9) and (lill ,  

To eliminate ds a.Iao fiom ( 5 )  and (7) we use the identie 

'. 
or, with (93, 

I 
(14) 

since dtlds never vanishes, the new equations are then 

and 

These two equations involve ody t vo  spatid co-ordinates md the time; 
bgether with (1 2), they coritain all the essentid statements that rel~bfiviQ makes 
about the motion of a test partide in the neighburhood of a single & t i o w  mas.  
Pwt of our taak, therefore, will be to make such arbitrary assumptions, in the frame- 
work of a strictly Euclidem aptwe and an independent ~ e ,  as will lead rigoronsly 
to  these equations. One might expect that the mflumptions, since they will in any 
case be of an ad hc nature, would include some m b i t r q  Iaw of gravitation differing 
a Ettle from the Newtonian, and perhaps &Lao some modification of the laws of - 

It is perhaps s Little meonfusing h h  Eddington wed c for this integration-consbnt. The 
notation 1 + E  instsad, intmduced at (34) belor, will be found d e r ,  at least if one wiahea to 
re-introduce the velacity of light explicitly. 

. .  - 



d-mamics as such: Su t  :he path R-e actua- take inrolves imtead a.sumptiom on: 
aSout the ~ e l o c i t r  of light and the m a s  of a test par~icle. Sothing either new or erl 

old is aswmed (a t  legst eqressI_r) about g-ra-ritation, and w e  shall frnd tha t  the on: 
modifications to the accepted I a ~ s  of dlmamics are a couple of r e q -  obr io  
extensions of formulae already familiar from the special t h e o ~ .  
In addition to reaching equations ( I  21, ( I  5 )  and (1 6) for the motion of a partfcll 

we hare also to reach the rigorous relativity formuhe for the deflexion of li,ol~. 
and for the red sMt. (So t ,  of c o r n ,  the red shrh for a distant nebula; rre a:. 
concerned here xi:h the 'sdar ' or ' ~ h i t e  d ~ a r f '  red shift.) This eFect, if espressrl. 
as a 'red ratio', u,'v s a ~ ,  is @ren in the isotropic system by 

v, is here tlie frequency, when i t s  radial co-ordinate is r ,  of a natuml system who$! 
frequency is Y when r = co. 
:I rigorous equation for the deflexion is given b Edangton (1923. p. 90) in the fon? 

where 3 = I ,'rl, i.e. in terms of the 8chmrzschtId co-ordinate sptea. 3IrrltipEei~ 
t- 2du1, and irlregratiug, we have 

\\-here d is a constant. ZF we transform this b>- (2) as bbefote, m d  write .u = l .?  
(so that we also hare 29 = mu) we ohtnin 

Eqaatiom (17) and (20) thPs mmplek the shdenge which faces us. 
JTe begin br deri* (20). In the relati&y treatment, the ' c o ~ d n a t e  doc i ty  

of light e a t  rrnp point is obtained bp setting & = O in (10); F then refem to s light- 
pulse. For out purposes, this co-ordinate relocitp is simply 'the' relocit~: cr ar. 
and we therefore adopt, as our first ad hx postdate, 

where c, ia to be nnderstocd in the most eIementary and ddgh t fomrd  sense. 
as the actual ~elocitp of light in Euclidean spw,  at the *rice T from a e  origin. 
If, now, P is the perpendi& from the origin onta the t a q n t  st some p i n t  

on a light-ray, then, as in Eddhqbn's earlier tteatment (190, p. 54), gin= the 
'refiacti~e index' c,'cr is stratified in spherical sheh about the origin, Snen'e leu 
rnaF be written Pclc, = const. (2": 

for aU points on one my. h d  since 

we have (30) at once. 



The constant .1 is readjlr eraIuated. -At the point of closest ayproach. tr = 11, 

say, TI.-e have d7~'dQ = 0; accordingI- 

and (20) is therefore 

To the f irs t ,  order in M U  (or 21)) this is 

and, tw may readiIy be verified, this is satisfied (to the same accuracy) bg 

i f  I re  take # = O when u = u,. This is equicalent to 

(where we have written r cos # = z, r = J(x2 + yz)). i .e. a h)-pcrboIn mllose mymp- 
totes are 

The anrle, D, between the as-ymptotes is the b h l  dcflexion, so tha t  

in agreement (to this order) with the SchfffamhiId result; in particular, there is 
of course no discrepancy by the factor + which, as is mU-known, chsmterized the 
primitive Tewtanisna treatment. 
TVe turn, next, to the tmk of deriving the '@wics equations. RF analogy +th 

the special theorv, we take i t  for granted that  the (inertid) m a s  of a moring test 
particle will be greater than that of the =me particle at  rest, at the same plnce, by 
the factor ( 1 - t2;c?,)f, i.e. the familiar e x p d o n ,  but with the local d u e  for the 
~elocity of fight. (Clearly cp must be the Emit, 8t that point, abore which no relocit~ 
can go; other more complicated farmuIm could also pstsntee this, but there is no 
need to try them.) Accordingly, if the mnss of the test particle, when at rest a t  r, 
is,ur,,it8 mms when i t  is inmotionwith thevelocitpwill be taken to be h ( 1 -  oqJC)4 ; 
we assume also that ib total energy, B, is then given bg 

If R is constant, r e  may write 
H = pe(l + E )  

where ~ r ,  and s are constanb; p eedentlp the dimensions of a rn-. Thus 



This eqtzation xi11 be ident i c d  ~Fith (1 2) if (as is naturaUy permissible) me adj!. 
the  two a r b i t r a ~  &dimensionless constants so that 

and if, in addition, pV//c = (1 + @I5/( 1 - 9) ; ( 3  

we therefore adopt (35) a a second ad Am postdate, in addition to (21): so th 
(3  1) becomes 

we can aIso remite (12) as 

Putting @ = 0, i.e. r = m, r;re see fiom (35) that p is the value of p, when r = r 
and since p, refers in any case to a stationar;)r particle, p is the test particle's ma; 
when i t  is stationary at  inhit?. 

We now assume that we can construct, and use, a Iagrangian in the standar, 
w a ~ .  We therefore write 

together with 

where q denotes, as mual, a genermed coordinate; and we have to shorn that thest 
equations reduce to (IS), and to  (16). It is convenient to note the identity 

d @(n-m)+(nim)$  
&[(1+$)"(1-+)"] r (l+*)m(l-$)n- 

r (l+*)P-?h) 
(42 

which h d a  repeated spplication in what follows. 
Taking k t  the #-co-odinatxt, we have, since aL/3# = 0, 

d i3L 
zq = O (43) 

L 

or (44) 

With (37), thia gives (45) 
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which is exactIy the '#-geodesic', (16). This equation, as is of course to be expected, 
is simply s statement of the conserrstion of angular momentum; even aithout 
help from (431, we would naturallr write 

which is the same as (4%). Thus our assumptions ham now given us the deflesion 
of light, and abo h a ~ e  @en eqressions for the conseration of enerLq and of 
angular momentum which agree exactly with the appropriate geodesic equations 
of general relativity. 

Already at %his stage one advankge of the new point of view has emerged; the 
physical sipificance of (47) is rerg- much clearer than that of the integral of (7), 
namely (when cot O = 0) 

(1 + rr"(d#/dsj = const., (48) 

or, as i t  usuaUy appears, <(d$/da) = h. (49) 

Part of Eddington's comment (1923, p. ST) on the difference between (49) and the 
familiar Xewtunjan espression 

r"(d$,'dt) = h ( 5  0) 

was as follows: 'the difference bekeen ds and dt [in our notation cdt] in e q d g  
insignificant, even if we were anre what is meant by dt in the Newtonian t h e o ~ ' ;  
rand whiIe it iB perhsps a little d a i r  to quote this nowadap, there may be some 
who would stiil accept it. In point of fact, although them is, as we shall see more 
clearly belom, an ambignity (but no lack of rigour) in the choice 'between r,, r, and 
a whole family of alternative heim ofthe New-bnian rsdins vector, there is no donbt 
at &U about 1 ;  both in liewtonian mechanics and in general reIativitg, t (thongh it 
may of course appear in the g,) is independent of t he  spatial co-ordimtea in 
exactly the same way as they me independent of each other; any observer stationary 
in the system in question will record his observations in terms of his three qatial  
co-ordinates and thia time. ' Simdtaaeity ' for such an obsemer is, by dehition, the 
rmuIt of putting t = f,  = const. for all r, @,#. Neither theory regards nataral cIocks 
as necessarily keeping this time e r e q w h e ~ ,  bnt the observer must be supposed to 
be able (at leagt in s &tic system) to station snitable clocks anywhere, and to 
reg?&& t h  a8 nece8my until they do all go at the same rate aa his standard clock, 
rand so show this time. (For oar purpose, the problem ~ronkhg them d m  
not arise, so long as we we concerned only with dt, bu. :ip2e the obsemer is 
supposed to bs able ta do this also.) The Berence between (w) and (60) ia not due 
to any requirement that the independent variable of p d e l e  dynamic8 ought now 
to be time measured in some new Way&, indeed, is not eFen eligible at all, since 
it is not independent of r; the H e ~ n c e  between (47 )  and (50) miaes entirely, and 
quite naturdly, from the variability of the test particle's maas, ~ ~ ( 3 ,  - tP/G)-h; this 
variability is due p d y  to its pusition and p d y  to its speed. If we now reverse - 

the whole argument, we may my that general rehti - 

assumption (35) just asit implies (21); however, 
. . .  

, explicitly in any previous work . -.  . - 

n to have 
imply a 
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rhifehead (xgzz, 1 xs indee 
;; but hh derivatron b e g m  with a treatment 01 m e  many-body promem {a] 
la difficult even apart h m  this) and some of I& G O ~ G Z ~ ~ ~ O I I B  BJLlO differ fkc 
itein's. The rigorous form (35) is tied to a definite choice of the isotropic ayek 
opposed b the Schwarzschild one and n31 ohher equ iden t  ones), and tWb- 

head's treatment is avowedly mate. 
For the r-component of the 3, we ha1 

by (37). Differentiating, with the heIp of (42), gives 

SimilarIy, after some reduction, me hava 

Thus, \&en q stands for r, (41) becomes 

which is identical with (15). Since we have now derived (125, (15) and (I$), we have 
derird the rigorous theory of the advance of perihelion (and aU other 'relativistic 
pestnrbations' such as the lunar ones, in eo far as they can fairly be derived from 
a one-body solution at all), Btrictly within our Euclidean framework. 
As is well h a m ,  attempts were made very early to explain the perihelion advance 

in this framework, simply by the increme of mass with velociv as given by the 
q c i d  theoy , i.e. m i  th c instead of c, and making no allowance for p,. m e  present 
analpis shows that although these attempta were bound to fail, the? mere in fact 
nluch more nearly appropriate thsn has genemuy been supposed. 

The algebra leading to ( 5 5 )  may possibly appear a little cumbrous, but i t  is an 
instructire demonstration of the power of the bgrangian method. The deriration 
of (47) did not aced the full Lagrag an panoply at all; i t  reduced to an apparent 
trivial it^, as i t  so often does. But the radial equation is more diAicdt; even though 
the right-1md side of (51) is plainIy the radial component of momentum, the  
att-empt to get fnrkller h r  defming force as rate of change of momentum seems beset 
by pitfalls, It will be noted, for example, that t e m a  in 3, aLI of them small by 
comparison -4th the 'Kewtonian' ones, arise both in (53) and in (54). 

There is, however, 110 disculty about getting explicit expressions for the kinetic 
and potential energies directly. The kinetic energy is natirrall~~ as in the special 
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and ~ K Z E  is thus the kinet,ic energy of the test particle at  infinity. It is abo clear 
from (37) that if E = 0, v = 0 when r = oc, so that this ia the 'quasi-parabolic' case; 
i f  E < 0, v is imaginary when r = a, i.e. the 'quasi-elliptical' case. The 'iuciocity of 
cscape', v,, obtained by putting E = 0 and r + UJ in (37) ,  is 

Thc potential energy, if r5-e do not include the rest-mass energy, is 

m d  vanishes iat infinity; if vie prefer to include the rest, mass, it is of course 

The fact that the potential eneqg (per unit psrticlc mms) is definitely not 
- 2@c"i.e. -fJd/r) underline8 a danger which seem to have been ignored in much 
of the Literature. It is quite common to find - mJr spoken of, simpIy, as 'the poten- 
fid', without any inquiry ns to what the exact formula for U may be, in the par- 
ticular system in use. The practioe is nnmericaUy harmless, if one is ody w o r h g  
to the first order in mJr, but it could lead to error if i t  sere taken rigorously. (h 
general, U d m  not ~stisfy F3U = 0 in empty space, and one cannot resort to 
sphericaI harmonies without further consideration.) 
In the c m  of n circular orbit (i = i = 01, (54) gives 

so that (37) becomes I.+€ = (l - $I9 
(l+fl(l-4++$')'; 

expanding to the first power of $ we see that in a circnlar orbit 

and so K w pZg+/;III + $1 z - 9 U, approximately aa in t he  Newtonian caw. 
W e  may also expand (56) to one higher order thm the Newtonian We have, 

rigorously, 
H 1 -  fM 3 4  . f - rp+  -- = ., f J f  
9 (1+@17 F ~ C ~ ( l * ~ ) ( l - ~ ) ~ ~ - r c ~ { ~ + ~ ~ ~ ~ =  (s-r) 

or, approximateIy, 

i - rd2+ = g2 [4q + 3ia - (q$)2] ; 

the right-hand side iiof course heroin the Newtonian m e .  The three terms in i6 ... 
will, in general, be alI of the same order of magnitude, Equation (65) mas given 
by de Sitter (1916) in essentially this form; his notation is, hovever, s little 
'diffidt, and he did not give (64) explioitly: ' '. '' ' * 

" . * . .-  ? ,  
I, 

. . "  . .  . . "  . - . " "  " *. . . - .  

, - .  . , .  . I . ,  , ', '. < "  ' .  ,. , , , * -  
I .. , , . 
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[t may at fimt E$ 1's inverse squam 

1, the maw of a particle in Enclidean space. The reason does not Ee in m y  par-' 
era of 1 + yk and I - @ that may b ~ e  been adopted in the formdm for 

c, ana pr, nut rather in the nature of @ itself, and in the way we have (quite natur- 
ally) 6onstmct.d H and L We may in fact repat the analysis for the more general 
ctrse in which 

C, = { L + @ ) r ( l - $ ] k c  (661 

and a = I1 + + Y 1 1 - 9 ) p ~ ;  If3 
equation (55) then becomes 

and (except in the special case where 21. +p = 2j + Z) the h s k  tern will always be 
Ffdf JrZ in the first a~pmsimation, where F is a constant. (The constant dl be 
unie if 2{L. - j) + p  - I = 2; and if we hare (from the deflesion) E - j = 4, we must 
then also ham 1 -p = 6, i.e. c, s (1-4$) c and p, z (1 + 6$)p.] 

We have still to deri~e the red shift. W e  consider the caae of a frictionless ff prheel, 
of mass ~ r .  and rsdius a when it is at infinity. T e  suppose it to be given an angular 
velocity, o, which is so mall that dl re la t i~ty  eEecta, including those involring 
crorcs-pmdah with v/c and $, are negligible; and we suppose that after this i t  is 
never subjeckd k~ any further couple. kt it be lowered into the 'pri-itationol 
field " broughlt t6 (tmmhtional) Fest there, and then (if we wish) released. Its 
mass h now yr,, and we suppose t b t  its radius and m@ar relocitp h a ~ e  become 
a, and w, +espectird~.* If its angular momentum is to be consemd, we must have 

nfe consider that R U C ~  a flyheeel, fPee from aU couples, is an 'ideal clock', i-e. that  
all natural frequencies Rill beba~e  in the same ~ ~ a g  as asw,, so that w,lo is the rchd 
shift. In order to obtain i b  value, we do what me hm-e not., so far, done (at least, 
explicitIy): we assert that if a local obsemer meamma the relocity of light, using 
the wtnd ~ U B  of the disk as his unit of 1enghh and the actual frequency as his 
unit of frequency but considering that  the^ are still a and oj2n insW of a, and 
co,Fn, he T ~ I  get t.he d u e  c instead of c,. ..ccordinglp 

UWG, = 0, W,t, 

or n%~:! = o jw:f I -r- ~ ) " l { l -  $12. 

Combining this ~ t h  (69) we h & ~ e  

w,lw = (1-P)/(l+t;') 
in agreement with (17). TTre also have 
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The total energy or FLUB ggswm ia of conme u = p2 +hv. TVe suppose that the atom 
absorbs the quanhm, so that its &rnsss becomes p+ hv/c8, and t b t  i t  then falls 
in tb the d i n s  r, &ill in the Bame ercikd &ate, i.e. still with the same &maps. 
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Jta kinetic en- is ~ Q F  K = @-thv/c')cf 3$](14- z,!r) (74) 

by (ST),  shoe E = 0 in this cage. Let this Ejnetic be gi :without, of 
course, being destroyed) to mme sumanding matter by collisions, and immediately 
after thia let the sfom return to the unexcited s t a h  1 ~uantnm of 
frequency v, This quantum escape to Wty still- cy (in terms 
of c0-0rdina%time), since we cannot suppow more c l x a u ~  ul lo wave-fxain wilI 
pass one point thsn another, per second, (The time s+rn is the same e~eqwhere; 
thus a h c p e n q  change accarringaj%remi&on., while the train is on its way between 
two hed points, would mean t.hat '&' had to foumdate ateindehikly, in the 
interne* space. In static conditions, a frequency (unlike a vavelength) m o t  
be changed en mute at alt It can of o o m  be changed by M e i o n  at a ma* 
mirror; but this cbsbnges the space betweon the two poiate mrrespondingly. - 
can slm (Atkiwn 1935) be changed if circdarIy plarized light is passed throe 
a half-wae plate rotating in, its o m  plane, but thi8 i9 amther special case and, ex 
so, is not a d t i o  one.) The eneqg of the stationary stom, after el - 

- 
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Inserting the d u e s  of K, p, and c, we have . 

in agreement ~ & h  the previou~ result, 
I t  wilI be noted that this proof has not only avoided appealing to the constancy of 

the measured reloci* of light, but has also not  nsed t,he comemation of angular 
mornentam (i.e. the invariance of h); it has, hovever, still nsed (35). 

\I'e hare now shown that the exact relati~tp equations can be @\-en an inter- 
pretation in tern of a strictly Euclidean &mework; but the question may natur- 
al]~- he asked, horr any specific values of r are to be precisely identified in practice, 
if our measuringrods are 'wrong '. This question arises, of course, in r e l a t i v i t y t h ~ r ~  
also; equation (3) is itselfrigorous, SO that there must be rigorous mays of =signing 
specific ~ a l u e s  to r, and ta $, if it is to have a meaning, but ds is r h a t  is actuab 
measured. The ht a m e r  certninIy must be that since the equations are the same 
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,ne new point of view msy possibIy suggest other e x p e m m t s ,  or othGL ,,.,,r, ,y 

which fo condemn dr accept my esperimenta snggested. h d  at lemt it brings out 
into the open the apparent paradox that although the Schwarzschild ca-ordinates, 
the isotropio ones, and all othera of this infinite family, are certddy identical in 
respect of B and #, and c&aidy nut identical in q c t  of r, nevertheless, each of. 
them is, by itself, strictly Xuclidean. ( W e  have no t  s t u d y  demonstrated this; 
but it can in fact be accepted* that if the refractive index, c/c9, and the mass, pr, are 
suitably m&ed, the assumptions we have made for the isotropic solution will 
also be 8aMsfactary for the Schwamschild one, or for any other of the family, and 
this includes the rmssumption of Euclidean spm, in each instance.) Before we attack 
the paradox, or -$.eat my qnestion involving spatial surveys @ general, it seems 
desirable to dispose of the 'ideal incompdble material ' which has sometjmea been 
specified for measaring rods thgt have to be exposed fa gravitational or tidal forces, 
It is fairly generafly gseed, n o d a y s ,  that such 'ideal' material cannot exist. 

' 

me commonest proof relies on the theorem that if the elasticity is idinjte, the 
velocity of sonnd will be so as well, and yet thia muat not e x 4  c. Hovever, the  
bulb modulns (vhich is the one most usually discnssd) rakes doubts as to whether 
the particle density or the proper density (or some other 'density ') is really what n i U  
determine the relocity of sound; and if we  CUSS measuisng rods it is in any case 
' S l o q ' s  moddm which &odd be cansided, The foUowing proof (which i s  
beliered to be new) m i d s  dl discnssion of p r f i d a r  elasticitim, and of sound 
fra~es; it is ~Eghtly h p l e r  to @re it in terms of the relati&y vierpoint, but 
eitber could be 4. 
If we construct a htsahedmn, by means of six joining in all possible way8 

four non-coplanar points of which no threa are m b m ,  we can varg the length of 
any rod arbitrarily (within e d e  limits) and the tetrahedron nill adjust itself 
corrqondingly. This is true whether or not the space is Euclidean, and we cannot 
in geaeraJ find out an* abont the metrio of the ggace by meaeuring theee six 
]cn@s alone. Ii we add s fdth point (a~oiding c o b e a r  and coplanar cases 
before), w e  can join it to an_r three of tile earlier points &I&rly, and can then still 
T~ any of therodswithout conflict; but assoonasth~ninelengtbs rtreaU defmikjr 
settled, the c o d p a t i o n  of all 5'ce points is bed, and the length of the one re- 
maining mnneIjon stiU be to made is already calculabIe. In general, o d y  one 
particular length Trill do, in any particular s p m .  If we calculate this length on the 
m p t i o n  that the rods h a ~ e  been assembled in Euclidean space, and if on trial 
we End that thislast rod d l  not fit, then the q s c e  ig not Euclidean, and the magni- 
rude of the misfit wiU give us one item of information about the actual metsic; 
increasing the number of points, and of cross-conneions, -ill increw the infor- 
mation rrhich can be obtained. If we ROT correctI_v compute and assemble such a 
stmcttm in Euclidean space, and then move it into non-Euclidean, -re hare the 
folloaing mutually esclusi~e possibilities: (a) the comparison between standard 
(unconstrained, stationary) measuring rods and the rods of the assembly tells us 

I am indebted to Professor Pryce for pointing this out to me. 

)r use 
'But  
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that the measwed intervals betmeen the five points have changed, so that they no 
longer fit our computations, and the space is indeed now non-Euclidean; or (b j  the 
rods of the assembly are 'ideal incompressible' rods, of which the dehition is that 
the comparison between their lengths and those of unconstrained stationary 
measuring rods airnays gives the same ans7.ers; in this cme, measurement neces- 
sarily revesIs that the space is still Euclidean although by hypothesis it is not. Thus 
our supposedly ideal matter is a relativistic impossibility; not  only can comples 
('over-connected') assemblies of it not be moved from Euclidean space into non- 
Euclidean, but they also cannot move, in non-Euclidean space, from the point of 
original assembly at all, except in certain very particular ways (e.g. in a auitablc 
circular orbit if the space happens to be spherically symmetrical). 'Ided, incom- 
pressible matter' would allow us to construct a veritable 'BT&omet'a coffin', 
unsupported, but unable to  fall dom,  and its behaviour wodd be just as miraculous 
as it wodd in the Newtonian case: it wodd involve a violation of the laws of physics. 
We must, therefore, accept the fact that any experiment which is proposed for 

determining specific values of 9. by means of measuring rods will have to make do 
without 'ideal' ones; if tidal forces can stretch or compress them (and the?; always 
can. to some extent. if the mensurinq rods are free), then the change of Ienqth mi tl 
have be considered, and aJlowed for if it is appreciable. There are m g @ d  
esperimenh (impracticable, but conceivable) where the effect does not enter, or 
where it can be arranged to  be negligible; but it is generally agreed, nowadays, 
that i t  ia better, whenever we use any measuring rod at all, to cnfibrate it by ehlon- 
jnhrferomehy, in Bib. 

The calibrabion a ~ n  be undertaken if TZ assame a d u e  for the velacitp of light 
(c,) rtnd also for the freqnency of the source emitting it, so that we am sure of the 
wavelengkb (Wavelengths of light mittdfrom a Jocal aoum obviously wntract 
according to the same formula as 'measuring rod' Iengkhs, i.e. 

but those from other sources v a ~  as cJv, not c,/LJ,.) This rule effectively brings all 
methods which use me-g rods (in so far as any are really prop&, for the solar 
system aa B mhoIe) into the same dass as the methods already familiar to astro- 
nomere. The &onomer never me- out space by throwing up Me numbers of 
measuring rods and arranging that they shall dl be h t iona ry  at  the bps  of their 
trajectories at gome one specified instant, and shall then just touch end-bend and 
mark out aome ' over-connected ' structure whose properties can be used to discover 
the metric of space: he obsemea with suitably disposed theodoIih~ and transit 
circles, and allows for any rehctive index which he believes is pmne,  and for my 
elapsed Eght times, and he will h a ~ e  no objection to dowing for frequency changes 
too, where an actud length is needed, 6.g. as the baseline for a geocentric parallax. 
And we now have the u w e r  to our apparent paradox: my obsema.tions we may 
make for determining specific r-values, if serviceable at dl, me semimabb whatever 
'--'zlissible) aaawnptions we may make; but the concludons which will be &awn 

1 them w i l l  depend on the refractive index wed in reducing them (and, in some 
s, oqthe P ~ U W  -ed for n a t a  yav~1engths),;lf & d e h e  the refractive . 
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i~ r if v e  reduce all oar observations with the refractive index ( 1 + $1" ( l - $1, 
~ n d  we find that it is r, (very newly r 4- m) if we use the anisotropic re&t.ive index 
appropriate ia the S c b w ~ c M d  solution. And d a r l y  for any other admidble 
solution. The different radial co-ordinates shodd not be regarded aa eaeh of them 
aipproximakly the radius vector of sn approximately equident Euclidean space; 
taken in eonjunction with the appropriate formulae for reducing obsemaiom, any 
one of them (sepamh1y, of course) h rigorody a Euclidean radiw v&r as i t  
&.an&. The one we have med here is singled out by the fact that the appmpriate 
rehdive hadex is isotropic, and the mnvenience of this has in fact been of some 
hdp; bnt it 3r mma renor leas ripmwIy En&? 1 the others on that 
aceomt. 
W e  new oonslaer, from the new viewpoint, a preumlnary probIem in planetary 

' 

h e m a t i c s  ~ h i c h  1ms perhaps not been firated in the general the or^, If rre hare 
two planets moving in opposite directions mund two almoshjncident circulm 
orbits, then near the moment where they are passing each other the ohmations 
which either mBy make of the other can be related, for a short wMe,  just as in the 
special theory, i.e. by a simple b r e n h  -Lrm.sformation; this mema that each TsiU 
consider that the other's docks are going slow, But cemhidy when they nest meet, 
half an orbit later, they will a p e  that the loss has somehow been made up a@n; 
by mere symmetry, neither can d y  lose on the other at  d. Since the rate which 
one 'obserr.~~', for a clock moBing pas$ one's system, is intimately bound up xith 
the r a p  one reckons ' s i m u l h e i t y  ' within one's system, each observer d euspect 
t b t  he bss chmn a method of gynchronkhg his own clocks which b not =lly 
very advantageous for discussing planetary obserrations. ,And thb is true. Each 
o b m e r ,  in the special theorv, synchronizes his o m  clocks in a way rchich is 
eqaident ta &s&uming that the (one-way) velocity of light, as it p- him, iB the 
same in bath duections. If a planet's orbit were a material circle, moving round 
the sun at the proper clredar velocity for that W n c e ,  it viould be possible for an 
observer to station clocb all round it and to spnchronize them, either by light 
sipnsla (making that assumption) or by actual tmmprt of a chronomew. When he 
had fished, 8 dationav obsemer looking at the whole picture would see that any 
tvio of the clocks, separated 5p the small distance x (as he measures it) would be 
out of agreement by 

rrhere v is the velocity of the supposed material orbit., i.e. the circular ~eIocity for 
that rdius.  Since these discrepnneies are all in the same direction, the last clock 
trill diger fiom the &-st by t.heir sum; and since these t w o  docks w f l  be adjacent, 
the obsemer moving ~ + t h  them dl see the closing error just as undeniabl~ as the 
fixed one does. In the case of t.he earth, v/c  z lo4 and Cxlc z 27~ x 499 s; the closing 
enor is thus 313mx, and even ~&hout  the comments from the other planet the  
observer wodd decide that his procedure was unsuitable. The satisfaetoq- ray ,  
hc x o d d  certainly conclude, is the one ~l+hich is s p m e ~ c a l  for both planets, and 
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which, if one works it out in debil, produces no closing error for either, namely to 
allow for the velocity of Light in the mn-relatix-istic rvay. To the &st order, tlJs 
means that the travel times for which radio time signals hare to be adjusted, d e n  
one intercompares clocks at  different observatories, shodd be eraluakd as though 
the relocity of propagation were not c, but c-r,  here .c. is the component of the 
earth's orbihl velocity in the h c t i o n  of propagat-ion, since this h in fact the wax 
an 'impartial ' observer, s t a t i o n a ~  in the solar s5~tern: would actually work it out,  
to the first order in vlc. (To the second order, one mould of course bave to consider 
nho the difference beheen c and c,, between o and a,, and b e t ~ ~ e e n  v and c,, i.e. 
quant i t ies of the order $,or Glcf, but this complication can be omitted.) The tra~eI- 
time for the e a a s  diameter is about 42 ms, and the component of v in the appro- 
pfiE+s &-yz5cz is c*, =& jc-4 -; 2!zck cc,.m- ,&EX =,re not ~ e t  made with 8 c c m i e ~  

of 0-004 ms (and would probably be seriotzsiy dishbed by ~sgaries  of theionosphere 
if they  em), but the present accuracy does resch 0.1 ms (p.e.), and the correction 
is not entirely visionary.* V e  may add that this way of q-nchronizing docks is in 
agreement with the method now used by the SauticaI ,-llmanw for calculating 
stellar aberration, so far as b t  lxu been taken; it k- ca1culahc-l I L ~  though the 
b a ~ c e n t r e  of the sohr system were hat rest in the ether' and the earth x c r e  'in 
motion t h u g h  the ether7 aat its caIcdshd orbital speed. 
W e  turn, b u y ,  to the problem of gi* a rigomus meaning to the radial co- 

ordinate r. ,As me have already pointed out., this probIem in 1ugicsU.y of fundamentaI 
importance in the wbtivistic presentation and in the preaant Euclidean one 
equally: equation (3) is rigorous iteelf, imd it is essential that r and $ ahodd have 
rigoronsly defined meanings to we in it. The statement that the mrd ina tea  
6,8, #, t ) are mere arbitrarg identifiation numbers, which is sometimes met with 
in the literature, is correct if i t  mema that arbitmry annlyf id aubatitntion for- 
mulae m replace any such system b_r another one, and that the resulting equations 
in the new system wiU be correct i f f h e  in the old one were; but it m o t  possibIy 
be re-ded as implying that any arbitrary identscation numbera could be nsed 
for r, 8, # and t in (3), or in (11, as they stmid. For any given 'raccesaible~e~ension, 
anch ss the radius of a circular orbit in which a particnlar test particle may actually 
be moving, there is n e d y  one value for r, and one ody, which can be insertel 
in (3). It might possibly be suggested that although thia i s h e  it d m  not follow that 
some experimental method must adualiy be specZabIe which could in principle 
determine r with an aecnracy m/r (so as to distinguish i t  from r,) or better; but this 
would be a very mtisfying viewpoint and is not in fact forced on us. 

A method which has sometimes been e d  is simply to m m  out the 
actual geomefxy of a, spherical. surface, by meastrrements confmed fa that dm; 
these will naturalIy give its curvature, and in the parbicdar case of the Schwarzschild 
solution (I] the radlag ao found is exactly r, gince tangential measarements are 

Since this WM mitten, s u c m  clock comp-m be- England and America bave 
t made, via 'Tebtar', with ten times -thh - = m y ;  the B B M ~ ~  m freqaencies high 
I.& to penetrate the E-layer d y ,  and ianoqheric affects are, p d c a l l y  nq$@bl- 
stLU h a ,  of couke,- that theLippnz;k'nt m 6 V e n t  of any actaaI planet in 4ps is far 

tl to ohaerve, but the anme is not necessarily true of an art5ci~L aatellib of the earth 
- - 
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II thus all b k b  1irge;nsed uncorrected, theSwiIfgko r(l + @)e, and 
: in agreement with ( 2 ) .  The obserpations, homerer, cannot actuallg 

penorurn; not only is no mch material sphere available, but abo i t  cannot De 

available, since i t  would collapse under its o w n  weight unless made of some more or 
less 'ideal ' matter unlolom to phpsicish, It is better not to postdate such magical 

' gub&nces. Without any material sphere, i t  becomes difEcult to guarantee that 
fke meantring rods, whether straight or appropriskly curved, would be unaffected 
by t idd forces and by differentfa1 accelerations, and wodd all be stationaq at the 
same instant (df = 0). W e  s h d  therefom employ a merent  method. 

, b o n g  the standard w a ~ a  of determining the solar parallax, one of the best 
dired onea is to infer the radiua of the earth" orbit, in Mometres, from *he annual 
variations in the apparent radid velocitiea of s b r a  reasonably nnear the ecliptic, 
There is no erident reason (aprh from the obvious technical difficulties) why the 
a c c w y  should not be pushed to any bits desired, and the methoddm not require 
calibration of a long terrestrial basehe, nor does it involve any qaeation of s i d -  
taneity as beheen Gistant stations. We consider therefore a space-ship moring in 
a, circdar orbit of radius r (in the sense of our isotropic co-osdinak system), and 
we reqnire the crew ta measure the sppawnt radial relocity of a star in the ecliptic, 
and dism~er the value of r from the annual variation. 
F e  may suppose the crew ta be in psession of any imhment  we plesse, for 

measuring wa~dengths; different ones cannot g i ~ e  different regults without enabling 
the crew to dehmine their absolute 'motion h u g h  the ether'. The i n s b e n t  
we e l e c t  is an interferometer of the Fabry-Perot t-rpe, i.e. h o  parallel plates of 
~ h i c h  the &st is hdf reflecting and tbe second M y  reflecting. We suppose the 
plate wpamtion to be continnously ~ariable d o m  ta an effective ralue (including 
whatever phase cllangeg are pmdacedj of zero; this zero separation is of course 
redly identifred in whih light, If the interferometer ia set up in the laboratory, 
m-itb. a o ~  monochromatic Light source also stationary in the laboratory. and if A- 
fringes are counted as the sepmtion is incremtsed from sero to some positively 
determined ralue E' (in ' l abo ra to~ '  units), then the crew will consider that at any 
g i ~ e n  instaqt, when the separation is held consbnt at I ' ,  there are between the two 
minors a total of AT half-waves going in each direction; they mill calculate the Fave- 
length as A' = 21'13, and $.hey 'Rill do this whether they are using a laborabr;r source 
or some external one haring a relatire radial v e l o c i ~ .  

Using al~boratory source of a standard  arel length. they can in this .n-ay calibrate 
the 1enG.h l ' ,  but for our purposes this is not in fact necessary. TTe suppose them to 
use a sufficiently narrow emission line in the light from a non-rariable star exactly 
in their 'ecliptic'. Let the tab1 fringe-count be when the ship is mo-ring directly 
h v a r d s  the star, and 3; r h e n  i t  is moving directly arr-ay, half a 'year' later. {It 
is not, of course, necessary to run the mirror separation d o n  to sero and up agajn 
each time; it can be kept constant at  1' throughout, and the slow change in A' 
counted directly, as it occurs.) 9 n  observer stationary in our Euclidean co-ordinate 
system cannot disagree with the crew as to the absolute count of fringes from zero 



separation to the fins! one, or  about the change in the count (from maximum to 
minimum) in the half period : he rill. home~er.  d i s a ~ e e  about the interpretation. 
and in particular will not consider tha t  at any given instant the numbers of ' direct' 
and 'reflected' waves contained between the two mirrors are equal. 

If A, is this observer's vaIue for the wavelength of the starlight, at the distance r 
from the origin, and if I is his value for the separation S', he ~1111 consider that at an)- 
g i ~ e n  instant there are I J h ,  'd i rect '  mar-es betreen the two mirrors; the reflected 
waves, when the ship is m o ~ g  ton-ards the star, dl be shortened in the ratio 
(c, - r )  ' (c ,  -t- V )  by reflexion at  the  moving mirror, and t.here are therefore 

of them between the mirrors at  this stage. Accordxgly 

k';te,+r 
Sida r ly ,  iurlf a 'year ' later A; = 7- 

Thh aomemhat elemen- dEsMzssion has been given in detail 'becan& it is 
essential to avoid all approhatiom, such as might perhaps be latent in the 
eqwtlon M I A  = -Av/v. It .Rill be noted that the result, down,to this point, ia 
independent of the msrdinate system in use, and holds also for an anisotropic 
refractive index provided c, is nnderstod as the tcrngwcftwcfta3 ~elocity of light. The 
ralue of F"J1 has cancelled out, as has h, (which depends on the a t a r k  o m  radial 
veloci* as well as the possibly ll~lknown atomic transition involved), and no other 
reIatiristie term has get a p p e d .  A' is the immediakly obsemable j(AI + ,%). 
If r is the period of rerolution, in units of b e '  time, we have 4 = 27317. The 

space-ship's cIoch are going slow, both on account of (17) and on acoomt of its 
' _ , >  

~ e l o c i e ;  the? register the shorter time T', where 

- -  - .. 

The n l n e  bf @ can be ~b ta ined  in teTins of M'lh' by nshg (61); since v, in that 
ecuation is the circular veIocitg, we have 
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T h e  rigomrra valne of r ,  in terms of qu,&iiti& directly m-rable dg the spme- 
ship's crew, is obtained by ehhat ing  @ beheen 154) and (851, and a rmfEcient 
appro&ma.tion to distingnish bebeen r and ri is obtained by pufting 

in (84). The result is rzg!j$p-i($)l. 
The above analysis could in principle be extendd to deal with an 'elliptical' 

orbit. It cannot, however, be wed in the case ofthe earth itself. For in the classical 
Kewtanian. theory, the reduction from the centre of the sun  to the bqcentre of 
the earth-sun ~ g & m  involves corrections of approximately 3 x lo-@, wMe mlr at 
t,he earth's distEsnoe is about 1 emn for Mercury, where the barycentre mrrection 
is considerably sm Jler and mlr is rather larger, the  relativie effect ia still the smaller 
of the bm. The earth c~bmot, therefam, be regarded simply as a 'test particle ' ; i t  . 

is essentid to develop a proper theory of the two-body problem at least. h general 
mlatiPitp, this question WFLS brosched in 1937 (Einstein, Infeld 85 Hofhann 1937; 
also &b&n 1937) but it is still being developed; whether any help rill emerge 
from the present treatment carnot, of mume, be prophesied, but it is at least con- 
oeirable that some addit.ional workers may now be attracted to this field. 

I should &e to e x p m  my grateftd t h h  to Profwur M. H. L. Pryce, F.R.S., 
and to Profeem J. L. Spge, F.R.S., for some very helpful eommmta; in particular, 
Professor Pr;Fm supplied the La&m which I have n d .  Ris derivation vas a 
relativistio one, hot the one I have h d  l x ~  give, and neither he nor Professor S-mgr? 
should arbitEarily be slssnmed ed approve of t he  use T ha-re made of their help. 
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